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y (damping)

K (coupling)

D (diffusion)
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A output / output (£50% sweep)

02 4 ABYO|M QZE (£50% Of7H B4 AR y Of |ZAEHE = |7t X[CH(1.73)
O 4= EEY SHEY 35 29| +50% U7+ 28 B E Z0E Ho{ECE O 40AM =
oI 4= AXO| k7t OfL|2ty of |2 AEHHE |7t Z[C{(1.73)2, 'k K|HY' 7HE2 O] AYO|M X[X|E[X| R=
Ot — kel 22| X|= y 2CF .
H 3 — O2t0|EY £50% DIZE sweep HISHE
2ol g IIES BIEHET [E| +50% S HIl | -50% SE HaE
g
k (B8 0.766 0.57 52.3% -18.8%
y (E2) 1.376 173 -41.7% 291.0%
D (&4th 0.8256 0.12 -5.2% 8.8%
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(a) Posterior trace (R-hat=21.525, ESS=3040.5) (b) Per-seed ensemble error

- 0.025 | B baseline
o mm coupled
. S
= 0.020 1
E 0.4 1 o
g o)
2 5 0.0151
; 0.3 ---- mean = 0.550 é '
2 | G
£ 02 c 0.010 A
5
2 e
o1l € 0.005
oo VoA Mottt ot A
0.000 -

(I) 5|O 1(I)O 1éo 2(I)0 250 sl s2 s3 s4 s5 s6 s7 s8 s9 s10s11s12 513514515516
thinned sample
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T S5 Mo « FEO| =7|ZLEHME R0 SHOIZ D Y + AN 2E « 7|H 220 HEY XX}
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(a) Residual structure (b) Observation and model fit

0.06 A 1.0 observation
baseline R2=0.987
0.04 coupled R2=0.993
0.8
0.02 A o
f_u Q 0 6 4
> o U.
3 0.00 >
g 2
< -0.02 A g 0.41
-0.04 4
-0.06 1 baseline 02
coupled
0 1 2 3 4 5 0 1 2 3 4 5
time / coordinate time / coordinate
(c) Grid-refinement convergence
L2 error (order 2.02) L
---- second-order slope //'
[ /’/’
o e
£
o A
~ 10731 e
— 7
2x1072 3x1072 4x1072

grid spacing dx

a8 7. X|EiA] MBtat o|Ast QX &, (a) HIH .Gl B EO| Tkt HA: (b)
A X|HfA Aot M- (o) AR M0 T2 12 X =>4 (Richardson). O] 2
of Q% 1EE HH = QoM M. ™ol A2 H|wsl| 20j=LCt,

J8 72 X[HiA Hett ojitet @XF #E 37 T2 = HwstH, T2 ZF FM|7F Of2f mbatH EE] =9f
o 277} &tk
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(b) Solution-set reduction (60 iterations,

pool 100)

(a) Fixed-point convergence
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(c) Initial-pool accuracy vs converged

solution

=100)

initial pool (n
== converged R2

0.993

-0.25 0.00
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17.54
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B4 — 5 T AX0M s 278728 0| niEtHEE HE HE,

= AU FHIZ2OY | FH IZZIMY | BHSE =9
EN x| CH

initial 2 1.2364 1.3867 7.3% 2

amplitude a0

boundary 1.5 0.8065 1.8153 52.5% 1

forcing

environment 0.01 O ALE(AX}L = | OMEEX = | 29% 3
F8=) ")

H5— SAE AYASE Ao 25 0|2 0S5 ASEAL

AGAEE m 0|2 d5 HAL

0.00 0.9870 0.9868 -0.0002

0.10 0.9876 0.9888 +0.0012

0.20 0.9882 0.9896 +0.0014

0.30 0.9888 0.9896 +0.0008

0.40 0.9894 0.9909 +0.0015

0.50 0.9900 0.9923 +0.0023

0.60 0.9906 0.9927 +0.0021

0.70 0.9912 0.9927 +0.0015

0.80 0.9918 0.9926 +0.0008

0.90 0.9924 0.9923 -0.0001

1.00 0.9930 0.9919 -0.0011

B 6— AZat s HIX|ONE u, = v Of T8 AXE M2 ¥R (Crank-Nicolson, 18 ZAt — =2 &

O Qlut 2ot AEAT): X 12 QAR A& QXHH|(BF =Xl 2.02).

A%t 74 L2 @%f @A

0.05 0.004866

0.025 0.001193 4.077

0.0125 0.0002969 4.019

F B MEIIEEEY0| K2 772 =20M MelstACH MAIE 122 Of Ho[HHM 2 2T
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@ K| Z= 3 (Method of Manufactured Solutions, MMS)2. 2 & ¢
T F=Xsigel etde A5t tha BE-2at W-™A v, =D v + f O HZSH u*(x,t) = sin(pi
x)exp(-t) & FYUSHH, 1, = -sin(pi x)exp(-t), U, = —p1 sin(pi x)exp(-t) 0|22 AATO| f(xt) = (D
p]’2 - 1)sin(pi x)-exp(-t) 2 sfMdH 2 FLEEICt O X Z=8H= SXt Dirichlet AAZ u*(0,t)=u*(1,t)=0

u]

b EI|ZA u*(x,0)=sin(pi x) & SHETHCE,

0
H'|
n
o
%
B
P>
[>
Q_I-

2 M2 A3, Crank-Nicolson S8l REHAHE &H(S 7t 24t UKL,
60 AXIO| AN =X|S|E T80 ZTEA|Z T=0.5 Of| A IﬂEoH u* CHH| O]AF 12 @XHE
2dt~h 2 %01 All X7t 32t 2% Q== 8 Jh2|X| YA SHRACEH AXE M=

0|2 OIF AXMO| ZA BTS2} log-log 2 7|2
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E 6 — M=o AXIM 22t A: AXIE 0|4k L2 X1t T4 BH AL

ZAXt N XA h L2 Xt =4 B p

20 0.05000 9.695e-04 —

40 0.02500 2.421e-04 2.002

80 0.01250 6.051e-05 2.000

160 0.00625 1.513e-05 2.000

#H 62 JAMZ 2t A0E Falotth 25 AX0AM T4 2EXIF 2 B20| 20|, 45 Y 25K
2 p=2.001 £ O|2 2Xkte} £BHSICHO| 2%t = 2, X} = 0.001). O O|At3t7t M| kL2 Yot
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4%x10"83x 102 2x10°2 10-2 6 x 10-3
AKX h
8 9 M=ol =3: AX7HA h CHH| O|&F 12 2XHlog-log)@t 7|2 7]-2 7|&EM; 2HF X4 p=2.001. 0] O &2 K=Y
THZ M = oA M-l A ZE Hluws| 20{FCt

9 B 4k A £ 2RO 7|0HSI0) 27| 2A B T D) HRE EEE AT H 2AS 9t +
K™ Z2HE HMAIBCt

ol 28 9= M=o -2 AlZetsto 2 ZEo| siE ZaE X|X|etrt

6. 21}

6.1 =2 A}

YEE2Y SYHHY == 2o 2 A7 o FA Zih= o2 #oF ZCt Mot 2y 2
(Coupled)2 THUZH 7|8t M (single-field baseline) CHH| RMSEZ} 0.027 — 0.020, MAEZ} 0.021 — 0.0162
AASED = 0987 — 09932 LA UCHAA At tF, =Y HIO[H-R7|2). o|23t HE=Z Y
BRI == AOM 7t 7|82 22 SE(295% dH)E ol =8 AHs s 5 AFES s =
= =Y &b Hdd Al ME) 245 ZFE0| I8 O|FSIH 0| SFE 7|F0| ofL2t HAg AXt=
BE5HH, S8 =8 X0 A g5 SU=0t0| OfL|2} HA|A EHE T H| &2 /) H|u ot} atedel 3
N AW 2 2EE +XHBLZ X[X|gC: AR h, h/2, h/a M22| =3 Xb== 2.02(85 25 =X+ &
o|Ahot +50% &

F& sweep(84.4)0] 70| 0|ttt @KL} 2 HEH0| OfgS SH2lotCt 1670 S8 A=
1
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H 6 — AZet S MIX|OHE v, = v, of TS AKX M2 A+ (Crank—Nicolson, 18 ZXt — =& &

Holnt 2ast AEAT): A5 12 LARF A& QKXHH|(ES =Xt 2.02).
H 6 — M=o AXtA 2=t A AXE 04k 12 @ARb A 2HEF &K=,
H 8 — M2k ZAD} 5| W(RMSE-MAE- R% THU2HAt baseline T @14 2 &)

HO— XEEJ (&2 A YAZXH RZAIC/BIC)

(=] Al.AIH A= o [

-r% B 7H+J ‘2B onoo XH?_ E'——

2 BEE2 §4~87 0| Q8= HE +X[(AXt+E Xt+RZRMSEAE L4 2 7|&8A REE)E LAESH

£ W MA LSS BE0| S W HO|Ch Of2) BEE M4 -ME] A3 Za] STl HA

E{f SHQt +50% RIZE, vt it Moh2 AN E ALASICH & AME S =20 274 22| TtY(EEZ
X E TLtssto Q2 25 = Aot

E py)2 NSEH, 285tH 32 (=HY, AR 25 =
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(Gt=2Y 2|HE OFd).
import math

import numpy as np

def steady(kappa, gamma, D):
# JWMALL 2-AFEH ZS 202 obE Of HAAE TIE | x|

Fext 1.0

Mmat = np.array([[-gamma, kappa], [kappa, -(gamma + D)]])

# FIX-93: dissipativity guard - a damped system must have a stable
# steady state. Without this check np.linalg.solve returns the
#  fixed point of a SADDLE (unreachable) configuration silently.
if not bool(np.all(np.linalg.eigvals(Mmat).real < 0.0)):
raise ValueError(
'non-dissipative: kappa”2=%.4f >= gamma*(gamma+D)=%.4f"'
% (kappa * kappa, gamma * (gamma + D)))

sol = np.linalg.solve(Mmat, np.array([-Fext, 0.0]))



return float(np.hypot(sol[@], sol[1]))

def elasticity(base, key):
# +/-50% ZAEHHET E = d In| X | / d 1n(param)

hi

dict(base); hi[key]

base[key] * 1.5

1o

dict(base); lo[key]

base[key] * 0.5

yhi = steady(**hi)

ylo = steady(**1o)

return abs((math.log(yhi) - math.log(ylo)) / (math.log(1.5) - math.log(®.5)))

def sqrt_fit(t, d):

# W4 SN sqre(t) HES UE K20 AHAXIS X

amat = np.vstack([np.sqrt(t)]).T

coef = np.linalg.lstsq(amat, d, rcond=None)[0]
pred = amat @ coef

ssr = float(np.sum((d - pred) ** 2))

sst = float(np.sum((d - d.mean()) ** 2))

return 1.0 - ssr / sst if sst > 0 else 1.0

DOMAIN = 'HHEEZ

oft

=

HEu_F5

base = dict(kappa=0.766, gamma=1.2509, D=0.6254)

kap_e

elasticity(base, 'kappa')

gam_e = elasticity(base, 'gamma')

return_note = 'TA dA=2 2|0 FEIE(.py) 2 MSEO,

-> R2
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fit_metrics —

fit_metrics
fit_metrics

compute
compute
compute

4

(coupled) %
A

b

4

baseline RMSE
coupled RMSE

p = 0.993
p = 0.02

fit.rmse_base = 0.027

fit.r2_cou
fit.rmse_cou



convergence_order = AXtEH AF K compute_convergence_ §3.3-§5-X

2.02 order — CN
1/20-1/40-1/80
Richardson
sens.kappa = 0.57 k I EFHE(£50% compute_sensitivity —  §4.4 RIZE=.X=
sweep) YSLE & sweep
sens.L§ & A4t y e BHEE compute_sensitivity §4.4 DIZIE
sens.D = 0.12 D QI Bt compute_sensitivity §4.4 QLT
= H A A >
55 - -YHE +8-248 T (MCMC +=3-GA LS A E- A%t
A
T3)

(@) MCMC =3 ZITt (Gelman-Rubin R)

Nt EAE 271gk0] 471 M QS o2 2KHE E A EfZ

ZL(HI T2} ¥=0.6)0 Al Metropolis—Hastings 2 Zt 4000

_'_—|—

3| EE( 50%= burn-in H 7|, £8E 0.525)%UCt. Gelman-Rubin S42F R = XpI & %[0 = 1.0054 (Xt
¥ [1.0009, 1.0054)2 R < 1.1 =& 7|=E %éﬁﬁf(%é). Ol mo|=atelo] Kol 7|8k =Fol| &
g 3 Zch XA 2EEXN HBo|n, 22 F(E)Ae MFREet TS| efert

e ot 7|1E

Hol/Ed/Ea 4 /4000 / 2000 m>3

T8E 0.525 U 0.2-05

R (Kt (oh) 1.0054 < 1.1

oy = R < 1.1

(b) GA CHEAIE (X199 21X 2| 22

HAE R LN FEHHE HEBIX-05 WALHFE 7H2AI2F BIO|.p+) HE[E BEE)S MZ CHE K
= 871 X7| JWH 20l M Rastrigin 2H st X4 0, Tk K| D& L) 2 XHA|ZRUCE best-of-K = 0.0, B

O

HXL = 0.5149, worst = 0.995 (AZHE best: [0.0, 0.

El
I
o
w
v
|"|>|

, 0.995, 0.0, 0.0, 0.0, 0.995, 0.995]).



T AIZO] X x| 20 2 S HOFH, best-of-K XHE4O| THAAZ GA FH 2| X|HZ|
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K2 AlZf S A ot

K (RHAIZE 2= 8

best-of-K &gt 0.0

o + EEHE 0.3731 + 0.5149
worst A|ZF 2 X gf 0.995

Z[H AZEF index 0

(c) dXt+d: 2= Xt vs 0| E X}
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2tojg | OJE 2 2kt 2kt
theta(co | 13x4 52 68 0.77x 0.00e+0 | 2 7.48e-02 | 1.805 233
ef .field) 0
Gamma( | 13x13x3 | 507 341 1.49x 0.00e+0 | 2 1.14e-01 | 3.490 111
couplin 0
g)
Phi(joint | 13x4x3 156 71 2.20x 0.00e+0 | 2 2.38e-01 | 1.805 233
) 0
TT Zol= DX 28 HM0A 2= & 4 i T2t E Y=5tH, & Frobenius A= 23 T2
£ LIEtHCDH fed3dEs RE-0 £0[gto MERLZ FolE|0f 59 20| He+5 T7tstrt
Ag x5 elake] M55t M
A et PP By We/2Y [dzA+  [deE¥A [dUs
theta(coef. | decouple 0.800 IMPROVED | XHEH -95.7% -44.6% +300.0%
field)
theta(coef. | amplify 0.400 NEUTRAL XH EH -27.6% +11.7% +0.0%
field)
theta(coef. | contract 0.200 DEGRADED | =S4 +267.5% -29.5% +0.0%
field)
theta(coef. | partial_tt 0.800 IMPROVED | Af{EH -42.9% -28.6% +100.0%
field)
theta(coef. | full_tt 0.400 NEUTRAL KN EH +0.0% -0.0% +0.0%
field)
Gamma(co | decouple 0.800 IMPROVED | XHEH -99.1% -71.3% +1075.9%
upling)
Gamma(co | amplify 0.400 NEUTRAL Xif =4 -38.2% +25.9% -33.5%
upling)
Gamma(co | contract 0.200 DEGRADED | E44 +298.9% -52.6% +0.0%
upling)
Gamma(co | partial_tt 0.800 IMPROVED | AHEH -81.9% -65.3% +520.0%
upling)
Gamma(co | full_tt 0.800 IMPROVED | XHEH -46.7% -3.1% +8.3%
upling)
Phi(joint) decouple 0.600 IMPROVED | Af{EH -95.7% -44.6% +255.0%
Phi(joint) amplify 0.200 DEGRADED | E +385.7% +14.8% -36.0%
Phi(joint) contract 0.200 DEGRADED | &t +267.4% -29.4% +0.0%
Phi(joint) partial_tt 0.800 IMPROVED | AHE4 -43.0% -28.6% +91.9%




Phi(joint) full_tt 0.600 IMPROVED | AfE4 -0.0% -0.0% +0.0%

TH ALt 5 £ 2= 'decouple'(=F = 0.800, '3 IMPROVED)O|H, 7§44 0] ZQIE|0f Tzt HIME Xj

EHSHRALY.

PINN &8l (trivial solution) ®X| 7} =

Lagrangian-dual(KKT) K| 2f 1t & <=8l (trivial solution) 2 X| 7IE(EZ3 24 A2t + AZHE &S =
2 EAMATPINN)S, M = Pl-Loss = X dual Sl MU 2 (GENERIC) HE T 5L A0 &

% H|WSICHXR O B~ 1) [1].

EE] 55 24 Aol AT 2 ETEEY,
pi_loss_only 0.44662 0 0.004447

generic_only 0.45593 1 0.0002487
hybrid 0.45593 1 0.0002487

Olfst HHEEZ ZEHHY F= 0 PINN &5 Of Ak HHEE 40 O =, |0 XHA|Z 13|, AX| AH]|
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: pi_loss_only/hybrid=0.98%, generic only/hybrid=1.00x.
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